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1. INTRODUCTION 
In this paper conditions for starlikeness and convexity for subclasses of the 
class S, of normalized analytic functions f(z) = z + a2x2 + *+. in 1 z / < 1 
are developed. Let P,,, denote the class of functions analytic in 1 z: 1 < 1, 
with expansion p(z) = 1 + c,zn + c,+~.zY+~  ..., n > 1, which satisfy 
the inequality 1 p(z) - l/201 ] < 1/2cy , 0 < 01 < 1, and H,,, the class satis- 
fying Re h(z) > o1,O < 01 < 1. Typical subclasses of S considered will satisfy 
conditions such asf’(x) E P,,, orf(s)/g(s) E Pa,n and $(X)/~(Z) E Ha,, . New 
results for the class S are obtained from inequalities for Pa,, and H,,, derived 
by the author in previous publications [9, lo]. For special cases of (Y known 
classes of functions are obtained. If a: = 0 both the classes P,,, and Ha,* 
reduce to the classical class B of functions with positive real part. The other 
case of special significance is cy = 4. Theorems of similar type for the classes 
9, KM 9 and Pl& were established by MacGregor [5, 61, Ratti [7, 81, 
Causey and Merkes [l], Livingston [4], and Goel [2]. Many of these are 
obtained as corollaries to the theorems of this paper. 
2. INEQUALITIES FOR CLASSES P,,, AND Ha,n 
The inequalities in Lemma 1 will be used frequently and are listed here for 
convenience. The notation c = 1 - 201 will be used throughout. Proofs are 
given in the references. 
LEMMA 1. Let h(z) E H,,, and p(z) E P,,, . Then, for 1 z 1 < 1 (see [ll], 
[lOI, PI, and WI rev.), 
(1 - c I z I*)/(1 + I s I”) < Re h(s) < I h(z)1 < (1 + c I z l”Ml - I x I”>, 
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(1 - 1 z I”)/(1 + c I z 1%) < Rep(z) < I $+>I < (1 + I z I”)/(1 - c I z 1% (2) 
1 h’(z)/h(z)l < (1 + c) n I s I”-‘/(1 + c I z I”) (1 - I z I”>, 
Ip’(z)/p(z)l < (1 + c) n I s I”-‘/(1 + c I z I”> (1 - I z I”>* 
(3) 
3. SOME RADII OF STARLIKENESS 
In all of the following theorems f(z) and g(z) will be regular in I z I < 1, 
f’(0) - 1 =f(O) = 0. Th e univalence will not be assumed unless explicitly 
stated. 
THEOREM 1. Let f(z)/x E P,,, . Then the radius of starlikeness for f(z) 
is given by 
rs = 1 [(n + 1) + (n - 1) cl2 + y2 - [(n + 1) + (n - 1) cl 
I 
l’% , 
for c # 0, r, = (7z + 1)-l/n, if c = 0. 
Proof. Let f (x)/x = p(z), p(z) E P,,, . Then 
~f’cdf (4 = WkYP(~)l + 1. 
The function f(z) will be starlike if Re[zp’(z)/p(z) + l] > 0. By (3) f(z) 
will be starlike in ( z 1 < r if 
(1 + c) nr”/(l + cr”) (1 - P) < 1. (4) 
The radius of starlikeness rs corresponds to the positive solution of (4) for r. 
Let f(z) = zj(x) where j(x) = (1 - z”)/(l + cz”). It can be verified by 
direct calculation that p(z) E P,,, and Re z~‘(z),$(z) = 0 for z = rs . 
COROLLARY 1. For n = 1, rS = ([I + c-j1j2 - 1)/c. 
COROLLARY 2. Let 1 f(z)/z - 1 1 < 1, i.e., c = 0. Then (4) reduces to 
n 12 1% < 1 - 1 z In or rs = (n + 1)-l/n. 
COROLLARY 3. Let f (z)/z E P, i.e., c = 1 in (4). Then we obtain the result 
in MacGregor [5, p. 5161, rS = ((n2 + 1)112 - .}ljn. 
THEOREM 2. Let g(z) be convex and let f&)/g(x) E P,,l . Then f(z) is 
starlike for 
I z I < r, = ([2(c + 1p - 1)/(2c + 1)s c#--4, 
rs = 4, for c = -3. (5) 
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Proof. It is known that g(z) convex implies Re zg’(z)/g(z) > 4. (This 
would be a sufficient hypothesis on g(x) for the conclusion of the theorem). 
Let p(z) = f @)/g(z), then Re zf’ = Re zg’(z)/g(z) + Re ap’(z)/p(z). By (3) 
and (I) with c = 0, 71 = 1 
Re zf’(z)lf(z> b l/(1 + I z I) - (1 + 4 I 2 l/(1 - I z I) (1 + c I 2 I). 
Re zf’(z)/f (z) > 0 if (2~ + 1) 1 x /a + 2 I x / - 1 < 0, which yields solu- 
tion (5). 
The result is sharp. Letg(z) = x/(1 + z), andf(z)/g(z) = (1 - z)/(l + cx). 
g(4 convex, f (4/g@) E Pol,l . Then f(z) = ~(1 - z)/( 1 + z) (1 + ca) has a 
vanishing derivative for z = I, . 
COROLLARY 1. Let f (2)/g(z) E9’; then c = 1 in (5) and ys = &. This result 
was obtained by MacGregor [5, Th. 43 and ZJJJ Ratti [7, Theor. 21 with the 
hypothesis Reg(z)/z > +. 
COROLLARY 2. If ( f(z)/g(z) - 1 1 < 1 then f(z) is starlike for 
1 z 1 < 21j2 - 1 [6, Th. 41. 
THEOREM 3. Hypothesis A: g(x)/z E Pa,, , f @)/g(z) E 9. Hypothesis B: 
f (4lgb) E P%I 5 and g(z)/z E 8. Then with either hypothesis A or B, f (.z) is 
starlike for / z I < r,, where r,, is the smallest positive s&ion of 
cx3 + (3c + 2) x2 + 3x - 1 = 0, (6) 
and the result is sharp. 
Proof. For hypothesis A let 
f(x) = g(z) P(z) and g(z) = ZP(~, 
For hypothesis B let f(z) = g(z) p(z) and g(z) = zP(z), where P(z) ~9 
and p(z) E P,,l . For both hypotheses A and B 
f (4 = ZP(4 P(z) and zf ‘(4/f (4 = 1 + ZP’WlP(4 + zP’(4IPW 
By inequality (3) 
Rezf ‘(4if(4 3 1 - 2 I x l/U - I 2 1”) - (1 + 4 I z l/U + c I z I> (1 - I z I>. 
Equation (6) represents the condition 
,g$! Re xf ‘(4/f (z) = 0. 
P(r)& 
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Consider the function f(z) = $1 - x)“/(l + z) (1 + cz). Hypo- 
thesis A is satisfied by g(s) = z( 1 - z)/(l + cz) and hypothesis B by 
g(z) = ~(1 - x)/(1 + a). The function f(x) is not starlike for any 
1x1 =r,+c. 
COROLLARY 1. Let 01 = 4, c = 0. We obtain Y,, = (-3 + 17l12)/4. This 
result was obtained by Ratti [7, Th. 41 with hypothesis B j f(z)/g(z) - 1 1 < 1. 
COROLLARY 2. Let both f(z)/g(z) E g and g(x)/z E 9’; this implies 01 = 0 in 
both hypotheses A and B. Equation (6) with c = 1 yields r. = 51i2 - 2. This is 
Theorem 1 obtained by Ratti [7]. 
THEOREM 4. Let g(z) be starlike of order 01 and let f(z)/g(z) E I’,,, , then 
f(z) is starlike for / z 1 < Y, where r. is the smallest positive solution of 
cdx3 + (c - cd - 2d - 1) x2 - x(2 + c) + 1 = 0. (7) 
Proof. Let d = 1 - 28 and let f(z) = g(z) p(z), where p(z) E Pa,r; then 
by using inequalities (1) and (3) we obtain 
Re xf ‘(4/f (4 = Re zf ‘(4/&) + Re ~P’@>/P(~ 
>1--clzl (1 + 4 I z I 
’ l+l~l - (1 + d I x I> (1 - I z I) ’ 
Thus 
Re zf ‘(df(4 > 0 for j z 1 < r0 , 
given by (7). The extremal function is f (z) = a(1 - x)/(1 + dz) (1 + ~)~+l. 
COROLLARY 1. Let f (2)/g(z) E 8; then d = 1, we obtain 
Yg = ((c + 3) - [(c + 3)s - 4+2}/2c. 
If further we assume g(z) starlike, c = 1, then Y,, = 2 - 3112 [5, Theor. 31. For 
g(z) starlike of order a, r,, = 3 [5, Theor. 41. 
COROLLARY 2. Let / f (x)/g(z) - 1 / < 1, d = 0. We obtain Theorem 6 
in [7]. 
COROLLARY 3. Let g(z) be starlike, c = 1. Then f (z) is starlikefor / x j < rs , 
Y, is the smallest positive solution of 
dx3 - 3dx2 - 3x + 1 = 0. 
Known results [5] rs = + and rs = 2 - 3112 follow again for d = 0 and d = 1, 
respectively. 
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Remark. The special case g(z) starlike of order 4 is covered in Theorem 2. 
Another type of theorem can be obtained by considering conditions on 
three functions. We obtain 
THEOREM 5. Let s(z) be a normalized, regular function starlike of order 0~. 
Hypothesis A: Let g(z)/s(x) E Pa,l and f(z)/g(z) EL?‘. Hypothesis B: Let 
&)W ~9, andfW&) E P,,, . Then under either hypothesis f (z) is starlike 
for 1 x 1 < r0 where r,, is the smallest positive solution of 
cdx3 + xz(c -‘cd - 4d - 1) - X(C + 4) + I = 0, o-9 
and the result is sharp. 
Proof. For both hypotheses f(z) can be written f(x) = s(z)p(z) P(z) 
where Re d4/s(4 > 01, ~(4 E Po,l , and P(z) ~9’. It follows that 
Re zf’(a)if(z) > 0 if 
1 -c/z] (1 +d)lzI 21x1 
1 flzl -(I-lzl)(l+dlzJ) -l-Izle>O’ 
i.e., the left-hand side of (8) positive. For the extremal function 
s(z) = z/(1 + z) c+l. For hypothesis A, g(a) = ~(1 - z)/(l + ~)~+i (1 + dx) 
and, for hypothesis B, g(z) = a(1 - x)/(1 + z)~+~; in either case 
f@) = (1 +2;+:(t); &) - 
COROLLARY 1. Let p = 0. Then we obtain 
I, = {(c + 5) - [(c + 5)2 - 4$/2}/2c, 
which is equivalent to Theorem 3.1 in [I]. 
COROLLARY 2. Lf?t s(z) = x, i.e., c = - 1. Then Theorem 5, hyp. A 
reduces to Theorem 3. 
COROLLARY 3. In Hypothesis B, let ,Q = +. Then we obtain Theorem 3.3 
of Causey and Merkes [ 11. 
Other theorems in [l] can be generalized in a similar manner. 
4. SOME RADII OF CONVEXITY 
In this section convexity conditions for classes of functions with restrictions 
on the values of their derivatives will be derived. 
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THEOREM 6. Let g(z) b e convex of order (Y and let f/(x)/g’(x) E Pe,, . Then 
f(z) is convex for ) z / < r. where Y, is defined by (7) in Theorem 4. 
Proof. Let p(z) = f’(z)/g’(z). The hypothesis implies 
Wl + q+W’(~)> > 01 
and we obtain 
W + ~f”(W’(4) = Wl + &‘(4/g’(4 + qQ#+>> > 0, 
if 
1--c]z] 
l+IzI - (1 +‘s,Z$i” ,z,) ‘OS 
The proof proceeds as in Theorem 4. 
COROLLARY 1. Let f ‘@)/g’(z) E 9’. We obtain Theorem 6 in [8]. Results 
similar to Corollaries 2 and 3, Theorem 4, are obtained for special values of 01 
and j3. 
THEOREM 7. Hypothesis A: g’(z) E Pa,, , f ‘@)/g’(z) ~g’. Hypothesis B: 
g’(4 E 9 and f ‘CW(4 E Pa.l . Then f(z) under either hypothesis is convex 
for I z I < To , where r. is given by condition (6) in Theorem 3. 
Proof. For both hypotheses we can write f ‘(z) = P(z) p(z) with P(z) E 9’ 
and p(z) E PE,l and 
Wzf ‘W/f ‘(4 + 1) 
> 1 - (1 + c) I z I/[(1 - I .z I) (1 + c I z I>1 - 2 I z l/U - I z I”)* 
The desired result follows from the proof of Theorem 3, and in a similar 
manner special corollaries can be derived. For both hypotheses the extremal 
function will have derivative 
f’(z) = (1 - z)Z/(l + cz) (1 + z). 
THEOREM 8. Let g(z) be univalent, and let f ‘(x)/g’(x) EPolSl. Then f(x) 
is convex for 1 z 1 < Y, , where rc is given by the smallest positive solution of 
cx3 - 52x2 - 5x + 1 = 0. (9) 
Proof. It is known [3, p. 421 that g(z) univalent implies 
Re @(z)/g’(4 > (2 I z I2 - 4 I z I)/(1 - I 2 I”). 
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Let f’(4 = PC4 g’k), ~(4 E Pas1 , then 
~f”wf’(~) = &T4/g’(~) + ~P’c4hw 
It follows that 
#+l)>1+2’~~~f,/2’- (1 +c)lzI 
(1 - I * I) (1 + c I x I) 
orf(x) convex if the left-hand side of (9) is positive. 
COROLLARY 1. Let 1 f'(z)/g'(.z) - 1 1 < 1. Then c = 0 m&f(z) is convex 
if121 <g. 
COROLLARY 2. Let f ‘(z)/g’(z) ~9. Then we obtain the known result 
yc = 3 - 2(2)l/a of Rutti [8, Theor. 11. 
Remark. The conditions for convexity and starlikeness derived in all of 
the above theorems will also be sufficient if instead of the functionsp(z) E Pa,, 
functions h(z) E H,,, are used. However for functions h(z) E Ha,*, sharp 
conditions will not be obtained except for the case a! = 0. 
The last theorem deals with the relation between functions f(z) and 
+4 = kf Wl’I(P + 1) (10) 
where f(z) is a regular p-valent function in 1 z 1 < 1, 
f(z) = .zP + ue+p+l + ..* . (11) 
It represents a generalization of a result of Goel [2] and Livingston (case 
71 = 1) [4] for function of class 8. 
THEOREM 9. Let f(z) and F(z) be defined by (10) and (1 l), and let 
f ‘(4/w’-1 E Ha,, 9 then F’(.z)/~z~-~ E H, 1 for 
I 2 I < [(p + 1)2 + 1p2 - 1. (12) 
Proof. Let h(z) = f ‘(z)/p.zP-i, h(z) E H,,, . By differentiation of (10) 
we obtain 
(P + l>F’(z)/~@-~ = (P + 1) h(z) + zh’(z). 
For h(z) E fLl , it was proved that 
, h’@), < 2(” + Re h(4) 




It follows that 
Re(p + l)F’(z)/p~P-~ > Re h(z) [(p + 1) - 1 2’ 7: ,z] - 201 ’ ’ ’ 1- 1212’ 
F’(z)/~&-~ E II,,, if 
Reh(x) P -(p + 1;;1”’ I.,1,1 - (p + ;(;a_’ 1 z I”)- a > 0, 
I.e., 
R444 - 4 [l - (p + lf~lz~ , x,a,] > 0. 
This is equivalent to (12). 
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